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Four-point correlation functions and average Gaussian curvature in microemulsions
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The structure of microemulsions is studied in the Landau-Ginzburg njddeliach, J. Chem. Phy4.04,
2376(1996], in which all the coupling constants are expressed in terms of tempefgtsigrfactant volume
fraction pg, and amphiphilicity. Theextensionof surface-averaged Gaussian curvatltd,A. Ciach and A.
Poniewierski, Phys. Rev. B2, 596 (1995], is calculated in the Landau-Ginzburg approximation. In the
neighborhood of the liquid-crystal phasks<0. Thermal fluctuations destroy the bicontinuous structure and
cause a transition t§>0. A dimensionless average radius of curvatre|K| Y%\, where\ is a period of
damped oscillations of the two-point correlation function, is calculated. Comparison with a corresponding
quantity for periodic minimal surfaces shows that microemulsions liforeK<<0) a structure resembling
different periodic minimal surfaces with low genus for differdnaind p. [S1063-651X97)11008-X]

PACS numbeps): 82.70-y

[. INTRODUCTION LG models with order parametep(r) describing the oil-
water concentration difference, the internal surfaces are de-
Systems exhibiting structure on a mesoscopic lengthined by ¢(r)=0. Such a choice is, however, not unique.
scale, for example, amphiphilic mixtures, biological systemsWhile for well localized thin films it is fully justified to
etc., have been extensively studied in recent yglar§]. The  describe the structure of the system in terms of invariants of
structure on the mesoscopic length scale results from selzorresponding surfaces, for delocalized interfaces such a de-
assembling of amphiphiles or lipids which form internal in- scription isa priori no longer obvious, or at least not com-
terfaces(films). In standard approaches to systems in whichplete. In order to overcome this problem, the finite width of
monolayers or bilayers are formed, one assumes that thibe film is taken into accour8].
width of the film is much smaller than the length character- Recently an alternative approach for the description of the
izing the structuréoil or water domain size, for exampldn  structure in systems with self-assembling particles has been
such a case it is justified to represent the film by a mathproposed in Refl9]. In this approach no particular assump-
ematical surface and the structure can be described by thi®n about the nature of the internal interfaces is necessary,
local invariants of the surface, i.e., the meBinand the therefore within the same formalism both localized, well de-
GaussiarK curvatureqd1,3] and by the globaltopologica)  fined thin films, as well as diffuse interfaces can be de-
invariant, the Euler characteristig [1,3]. Such an approach scribed. In Ref[9] one assumes that surfactant degrees of
has been very successful in phenomenological models, sudfeedom can be described by a vector field. For example, in
as Helfrich-typg 3] models of membranes and level-surfacesLG models the vector field describes local orientational or-
[4] or Landau-GinzburgLG) [5,1] models for microemul- dering of amphiphiles. In terms of three- and four-point cor-
sions. In the above mentioned approaches the surfactarglation functions for this vector field, structure parametérs
films are represented by the mathematical surfaces by defand K are defined. It is next shown in RgB] that for or-
nition. Therefore, within such models the structure can obvidered phases and veinfinitely) thin surfactant filmH and
ously be defined in terms of the properties of those surfacex reduce to the mean and the Gaussian curvatures of a sur-
~In real microemulsions, however, especially close to thgace A describing the film, averaged over this surface.
cysorder line[1], .the crucial assumption that the.surfactantsmcﬂy speaking H—H = (1/A|)fadoH and K—K,,
films are very thin, compared to the characteristic length 0f=(1/|A|)fAd0'K, where|A| is the area of the surfac® and

the structure, may not be satisfied. The internal interfacef; angK are the corresponding local curvatures. By virtue of
may be diffused but a structure may still exist. ThermOdy'the_Gauss theorerk,, is related to the Euler characteristic

namically microemulsions and homogeneous mixtures ar . . .
y g y Kn=2mxe/|A|. SinceH andK, in the case of thin films

indistinguishable. It is only the structure in the mesoscopi o X
length scale which distinguishes between thdng], a well in ordered phaseseduce to the usual geomejncal invariants
defined borderline, however, does not exist. The structuré‘_\’eraged over the surfagthey may be considered asten-
changes gradually. Thus the region in the phase space, ons of average mean and Gaussian curvatuoet_she case
which an assumption justifying description of the structure® diffuse films, _Wh@ cannot be represented bYJUSt asingle
of the system by invariants of mathematical surfaces, is noturface. Also, sinc& reduces tKy=2mxe/|A[, it may be
well defined. Moreover, recent workg] show that the width con5|dered as an extension of the topological invariant per
of the interface in microemulsions can be large, even comunit surface area. .. .

parable to the oil and water domain sizes. For diffuse and Different structures can be classified by the signs of the
delocalized interfaces one can still define a mathematical sumeéan and the Gaussian curvatures. For exaniglg>0,
face which in some way describes the film. For example, irK,,>0 (H,,<0, K,,>0) for micelles (reverse micelles
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andH,,=0, K,,<0 for bicontinuous structures. Extensions percolation channels, however, may still exist as in ordinary
of Hy, and K,, should allow for similar classification of Mixtures(i.e., on a microscopic length scaleAlso, for a
structures, where the signs df andK are crucial. very I.arge surfactant volume fr_act|on, essent!ally Igrger frorr_1
In Ref. [9] the parameter$1_and K are calculated for the oil and water volume fracthns, one can imagine that 9|I
several ordered phasésicellar, hexagonal, and double dia- and water fqrm closed droplets in a surfactant sea. Formation
mond with diffuse surfactant film, of a thickness compa- °f Such a disordered structure can be preempted by a phase

rable to the period of the structure. They are next compareHanSItIon to some ordered, cubic phase, Bupriori one

0y AN respeciey calculte for suracea(n)) o012 XS DM e oot prace e sy i
=0, describing the center of the film. In all caddsandK y ' ySthe

) ) may not be negative at some part of the phase space, at least
have the same sign &k, andK,, respectively, and smaller onq the disorder line, where the system is homogeneous.
(by about one halfabsolute values. Smaller valuestéfand  percolation phenomer{d0] observed in such systems also
K reflect the diffuse nature of the film. The same signs of thengicate that the bicontinuous structure is stable in a limited
parameters defined in a different way suggest that either wayayt of the phase space. In the models studied so far a tran-
of defining the structure leads the same classification of its  gjtion between positive and negative Euler characteristics
type within microemulsions has not been observed for balanced

i Fgr ]f.jimés.e ?End gtrlongly thuctL_Jatirllg interfac;gs tlh.etquanti'systems. In the case of broken oil-water symmetry a transi-
les defined in Eqs3) loose the simple geometrical interpre- tion to yg>0 is found in Ref[11b] for a model introduced

tation. Still, their signs are the same as the signs of the COLe Ref. (5],

responding geometrical quantities calculated for the While many properties of mixtures with weak surfactants
central” surface[ ¢(r)=0] of the film[9]. Therefore they are well described by the elegant Gompper-SchiGiS)

can be used for the classification of the structure instead dellsl in th f st tactant tended
the usual geometrical quantities. Strictly speaking, it has nof?®d€![5]. in the case of strong surfactants a more extende

been generally proven that the quantities defined in Ejs. 9escription is probably necessary. Cubic phases, present in
have the same sign as the corresponding geometrical quan8dch mixtures are stable only in LG models in which an
ties related to the “central” surface. However, no exampleadd't'onal order parameter, describing orientational ordering
which would contradict this observation has been found, alof Surfactant particles, is considered. In the case of binary
though for several structures the signs of these parametef@ixtures such a model was introduced in H&#], whereas
have been compard@]. At the same time the quantitiés) for ternary mixtures a model in which cubic phases are stable
are defined in terms of the correlation functions, without anyVas introduced in Ref13]. In addition, in this model all the
additional assumptions about the nature of the surfactarffOUPling constants are expressed in terms of the surfactant
films, and are thus applicable within the whole region ofvolume fractionps, temperature, and a single parameger
stability of the uniform phase, a part of which is a micro- describing the amphiphilicity of surfactant. Smalicorre-
emulsion. sponds to weak, and largeto strong surfactants. No param-
The above observations suggest that this new method cters in this model are fitted. All the calculated quantities are
be applied to investigation of the structure of a microemul-8XPressed in terms of directly measurable parameters and a
sion. Experimentally the structure of a microemulsion isSingle parameter specifying the system. It is thus interesting
studied by different techniqud®,6]. Theoretically, beyond to study the structure of microemulsions within this model. It
the two-particle correlation functions, it has been studied idS @ Purpose of this work. , _ .
Ref.[10] by methods developed for percolation phenomena, -In order to describe the structure of microemulsions, in
in Refs.[4] and[11] by considering the level surfaces, and in this paper we calculate the structure parametérandK,
Ref.[11] by calculation ofyg in Monte Carlo(MC) simula-  introduced in Ref[9] in the model introduced in Ref13].
tions for a LG model5] with one order parameter. In the We limit ourselves to the symmetric case in whidh=H,,

H,,>0,K,=0 (H,<0, K,=0) for cylinders of oil(watej,  be bicontinuous in the above sense. The oil- and water-
m

case of oil-water symmetry, for equal volume fractiogs, =0 by symmetry. We thus only calculate. The calcula-
was found to be negative. These results suggest the bicotions are performed within the LG approximation. Strictly
tinuous structure of microemulsions. speaking, we calculat& up to first order term in the stan-

In real systems, however, one expects that very high temyard perturbation expansidas).
perature destroys the bicontinuous structure. Also, if the vol-  1e new quantitK has been calculated so far only for

ume fraction of the surfactant is too low or too high, the qoeral ordered, periodic structurk. Therefore, here we

blcont_lnuous str'uctqre may'n(_)t appear. ThermOdynam'CallyCaIcuIateK in the GS model also, for which the correspond-
the microemulsion is not distinguished from a structureless  —

mixture, which is stable beyond the disorder lifd. The N9 Ky=2mxe/|A| has been calculated for microemulsions
disorder line is located in a region with a low surfactant®y the MC method11]. We find that in microemulsions, as
volume fraction[12,13. We do not expect a bicontinuous In ordered phase&, andK have the same sign. Thus both
structure for a structureless fluid. Here by bicontinuous strucP@rameters provide the same classification for the structure.
ture we mean a structure which is water, oil, and also surThe magnitude oK is K~K/2, as in ordered phases with
factant continuous, with the latter component located at thénterfaces of large widtf]. This result is consistent with the
internal interfaces separating oil and water channels of meobservation that the width of the interface in microemulsions
soscopic thickness. Close to the disorder line, where the suis large in this modef7al. _

factant volume fraction is low, the system should no longer The surface-averaged Gaussian curvakigg introduces
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a length scaIdK_rl’2 describing an average radius of cur- probability distribution fors, average values for the above
vature of the single, “central” surface of the film. The ex- defined quantities can be calculated.

tension of K, for systems with thick surfactant filmk, In Ref. [9] the structure parametet$ andK are intro-

similarly introduces a length scal&| Y2, which represents duced in the following way:

the average radius of curvature of the collection of surfaces — [ydr(s®Hy)

modeling the film. — = s (3a)
For ordered periodic structures of perinda dimension- Jyvdr(s®)

less ratio between the two lengtRg,=|K | ~ Y4\ provides

additional characterization of the structure. Based on the re-

sults of Ref.[16b], we can estimate this ratio for periodic — Jydr(s*Ky)

minimal surfaces. For simple minimal surfac®s,D, or G = A (3b)

[16] we find, respectivelyR,,=0.306,R,,=0.195, andR, v

=0.248. For more complicated periodic structuf&$] its  where in the numerator average values of the quantifles

value can be even_smaller than 0.1, for example, for there calculated and integrated over the unit cell in case of

surface labeled GXR,,=0.073. ordered structures. The denominator plays a role of a nor-
In microemulsions the role of is played by a period of malization with respect to the field In Ref. [9] ordered

damped oscillations of the correlation functions. We calcuphases in whicKs(r))=0 beyond very thin films are con-

late hereR=|K|’1’2/_)\. Since K differs for diffuse films sidered. It is shown that in such a case, in the limit of infi-

from correspondind, related to the “central” surface of nitely thin films, approximated by a surfack, H—H,

the film by about 1/2, the above ratio also has a different=(1/|A|) fadoH andK—K,= (1/|A]) [ adoK. In the above

value tharR,,, with R,~|R|/v2. Itis interesting to compare |A| is the area of the surfack andH andK are the corre-

the ratio between the two characteristic lengths in microsponding local curvatures. Thus the structure parameéggrs

emulsions and in ordered periodic structures. reduce to the usual geometrical characteristics of the struc-

The paper is arranged as follows. In Sec. |l we present théure for vgry(infinitely) thin surfactant films. Therefore one

definitions of the structure parametédsandK. The model ~May consider them as extensions of surface-averaged curva-

is defined in Sec. IIl. Section IV contains an outline of thetures. The advantage of the above defined extensioht,of

calculation of the structure parameters in microemulsiongandK,, is that these quantities can be expressed just in terms

within the model described in the preceding section; som®f many-body correlation functions.

details are described in the Appendix. The results are de- Because of the conditioW X s=0, the Fourier transform

scribed in Sec. V. The last section contains the summary. of s(r) can be represented by a scalar fiedk), S(k)
—|ks“(k) Then the numerators in the definitio(® in the
Fourier representation assume for the uniform phase the

II. EXPLICIT EXPRESSIONS FOR CURVATURE forms
PARAMETERS
o . 3 dk; dk; -
Because of the amphiphilic nature of surfactant particles (s*Hg)= 2md 2m)8 kq- k2k3
one can define a vector field(r) describing their local ori-
entational ordering. We split the fieldinto two fieldss and X Gag(Kq,Ko,K3), (4a)
t
and
u=s+t, (1) iy 1 dk, dk, |Ks-(kyxXky)|?
(SK9=3 | Zm)e (2m)°% " KykokaKy

whereVXs=0andV-t=0. For a description of the struc-
ture the curless part of, i.e., s, is relevant. It defines a X Gye(Kq,Ko,K3,Kye), (4b)
collection of surfacesy(r)=const, the normal vector of

which isn=g/s. The other part ofi describes fluctuations of where then-body correlation function is defined as
amphiphiles around common directiofr). For a particular

field s(r) we can calculate at every pointhe mean and the Gns(K1,.--Kn) =(Sy(K1),....81(Kp)). (40)
Gaussian curvatures of a corresponding surface passi 'Ign

throughr . Using the standard geometrical definitions based "° numerical values off and K clearly depend on the
on fi and its derivatives, we obtain length unit. In the considered mixtures the natural length is

the length of the surfactant molecules, or the bare thickness
of the monolayeg,~20 A.

S}(r)Hy(r)=1(s?V -s— 15.Vs?), (2a In Egs. (3) and (4) the many-body correlation functions
are formally calculated at one point. It results from the rela-
tion between curvatures and derivatives of the normal vector

34(F)Ks(f):%szijkﬂmanSjVnSk, (2p)  for continuous mathematical surfa}ces. In physipa[ systems,

however, a continuous Landau-Ginzburg description is not

where the subscrigt means that the related quantity refers tocorrect when the distances become smaller than the size of
the particular fields. For the system characterized by somemolecules. Rather, for such distances a molecular description
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is appropriate. Let us adopt, for a while, a molecular pictureWe assume that the fluctuations are small and approximate
in which a surfactant monolayer is represented by an assenthe free energy by a polynomial in fields p, andu. Next

bly of amphiphiles. An average tendency for bendinga  we assume that the fields vary slowly on the length scale of
shape of such an object should be determined by correlathe lattice constantsize of moleculesand introduce con-
tions betweendifferent particles being close neighbors. tinuous approximation for the thermodynamical-potential
Therefore in a microscopic description the correlation func-density. The resulting functional assumes the form

tions in Egs.(3) should be calculated at points whose dis-

tances from one another are comparable to the size of mol-

ecules. Distances smaller than the size of molecules Qer=(Q2+Qiny)b, (63
correspond to correlation functions calculated for the same .
molecule, and are not relevant for determination of the geo\-N"[h
metrical structure of the surfactant assembly. According to
the above discussion, in the LG approximation we regularize

the integrals in Eqgs(3) and (4) by calculating the corre- szf dr(Ga,¢?+ 3(V )2+ 2 a,p?+3(Vp)?
sponding correlation functions at points whose distances
from one another are comparable to the size of molecules, +3[|ul?+(V-u)?+(VXu)2]—Ju-V¢), (6b)

i.e., using a real-space cutoff, instead of the upper cutoff in

the Fourier space, as is usually done. Such regularizatioand

seems to be more appropriate in this case. In addition, par-

ticularly in the case of the multidimensional integred®), it 1 1

is much simpler to reduce them to a one-dimensional one in 5 _ il 3 2 2 il a4
the case of the real-space cutoff. Qin= | dr| 37 (asp™+bsd ptcaul®p)+ a1 (24

+aypt+bad?p?+cap?|ulP+Alul?) | (60)

Il. THE MODEL _ _
All the coupling constants in the model related to the CHS

Instead of introducing the LG model on symmetry model can be expressed in terms of an average surfactant
grounds, in Ref[13] the free-energy functional is derived yolume fractionp, temperaturer=kT/b, and a parameter
from a lattice microscopic mod¢l7], therefore all the cou- describing the amphiphilicity y=(2c/b)2. The grand-
pling constants are expressed in terms of parameters of thgermodynamical potential is calculated in unitshofMac-
lattice model. In the lattice Ciach, e, and Stell(CHS)  oscopicallyb is related to the critical temperature of oil-
model only nearest neighbors interact. The interactions begater separation bykT.=3(1—pgb. In a model so
tween amphiphiles in the simplest version of the model argqnsirycted the length of the amphiphile should be equal
neglected. In case of oil-water symmetry only two param-yq the Jattice constara of the original model. In derivation
eters characterize the interactions in this model. Dns the Egs. (6) we assumed thai=1, thus the distance is mea-
strength of the water-wat¢oil-oil) interaction, the other one ¢ red in units of the length of the amphiphiles.
¢, describes the interaction between weftt) and an am- The coupling constants, which are used here for calcula-
phiphile. The interaction between amphiphiles and ordlnaryﬁon of K. have the forms:
molecules is proportional to a scalar product between the ' '

orientation of the amphiphile and the distance between the

particles. a,=2 ( v d) : (6d)
The LG functional is derived in the following way. We Ps

consider the grand-thermodynamical potential in the mean- 2p.y\ 2

field approximation. The potential is expanded in a power J:(_s> , (6e)

series of fluctuations around the average values of the fields 37

@(r), ps(r), andp(r,®), whered(r) describes the concen- 8

tration difference between oil and water(r) the total sur- a 4:_73, (6f)

factant concentration, angl(r,®) the density of the surfac- (1-ps)

tant in orientationé. The fluctuation ofp(r,®) consists of

two parts. The first one is the uniform fluctuation, the same A= 18 _ (69)

in all directions, related to the fluctuation of the total con- 57ps

centration of surfactant which is denoted fiy). The second . . .
part is related to the orientational ordering and can be repre- We.brlefly summarize the r.esults of R¢13], .Wh'Ch we
sented by a vector field(r). In Ref.[13] we introduceu in need in the present calculation. The Gaussian correlation
the following way: functions have the following forms:

1+k2
Goak)= K"+ BK+a, (73
S Ps 1 Ps .
Ops(r, @) =pg(r,w) iy p(r)+4w @-u(r). Gyl = Jk T b
(5) s k*+Bk>+a,
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FIG. 1. Bifurcation(solid), Lifshitz (dashed, disorder(dotted, FIG. 2. Bifurcation(solid), Lifshitz (dashed} disorder(dotted,

and K=0 (dashed-dottedlines for y=16; p is a surfactant vol- andK=0 (dashed-dottedlines for y=50; ps is a surfactant vol-
ume fraction andr a dimensionless temperature defined below Eg.ume fraction andr a dimensionless temperature defined below Eq.
(6¢). Regions of stability of coexisting oil- and water-rich phases(6¢). Regions of stability of coexisting oil- and water-rich phases
and liquid crystals are denoted by “o-w” and “Ic”, respectively. and liquid crystals are denoted by “o-w” and “Ic”, respectively.
The Lifshitz point is marked by a cross. The crosses to the right ofThe Lifshitz point is marked by a cross. The crosses to the right of
the Lifshitz point separate different Ic phagéef. [13]). the Lifshitz point separate different Ic phag&ef. [13)).

a,+k?

two fcc lattices shifted with respect to each other by half a
Ged)= (B a 79 : .

period. Thus, at least close to the bifurcation, the cubic

phases are stable in this model. The stability region of the

where lamellar phase is much larger than the stability regions of the
cubic phases. Other cubic phases, likeor |-WP, can also

be stable in this model, but it has not been verified by cal-

B=1+a,~J% (7d  culations yet. In Sec. IV, we calculate the structure param-

eters within the region of stability of microemulsion.
The form ofG ,, is different from the Teubner-Stré¥'S)
[6¢c] form. However, we are interested in a structure on the

length scale largegabout one order of magnitugiéom mo- IV. CALCULATION OF THE STRUCTURE

lecular size¢;. Since the I(_angth unit is chosen such that PARAMETER K_

=1, the relevant range df in our units isk<1. For suchk _ _ _
(strictly speaking fok<1) the two formulas are similar. In case of oil-water symmetry three-point correlation

The Lifshitz line[1] can be defined as a line at whikR,,  functions vanish anti =0. In order to calculaté& we need
starts to be different from zero, or as a line at which theexplicit expressions for the four-point correlation functions.
water- (or oil-) domain sizex/27 becomes equal to the cor- As already noted in the Sec. Il, the correlation functions in
relation lengthé. For the TS form both definitions give the definitions(3) and(4) should be calculated at points, r,
same line, namelyB=0. For our expression the line at r3, andr,, such that the distances from one another are
which N/2r=¢ is B=0, and it is the line shown in Figs. 1 comparable tca (the size of moleculgs For shorter dis-
and 2. The line at whick,,, starts to be different from zero tances the correlation functions are calculated for the same
isJ=1, i.e.,B=a,. We should also stress that in the model molecule in the molecular description, and are irrelevant for
introduced in Ref[13] the interactions between amphiphiles determination of the geometrical structure of the film. One
are neglected. Therefore, the pure surfactant system does ramuld regularize the integrals in Eq8b) and (4b) with the
undergo the ordering phase transition and for very high surhelp of the upper cutoff in the Fourier space, and avoid the
factant concentration the results obtained in this model ararbitrariness in the choice of the four points. However, since
not expected to agree with experiments. the integrals strongly depend on the cutoff, it is impossible to

In Ref. [13] the bifurcation line, the tricritical and the avoid the arbitrariness, which in this case consists in choos-
Lifshitz points, and the Lifshitz and the disorder lines areing the actual value of the cutoff. Moreover, the calculations
presented in variablesp{,7) in Figs. 1 and 2, for systems of Eq. (4b) are simpler in the case of the real-space cutoff.
specified by parameterg=16 andy=50, respectively. Be- We thus consistently regularize both the numerator and the
low the bifurcation liner,(ps) a free energy of several or- denominator in Eq(3b) with the help of the real-space cut-
dered phases has been calculated to ofg), with the  off. o
bifurcation parametere~ \|7— 1,|/7,. The following or- We calculateK in the perturbation expansion about the
dered phases have the lowest free energy for increasing suGaussian part of the thermodynamical potenfil; [Eq.
factant volume fraction: lamellar, simple culfie surface of (6)], to a first order term in the coupling constants(®f,;
Schwarz, double diamond(D surface, and double fcc [Eq.(6¢)]. First consider the Gaussian part@f, i.e., Q5
phase, consisting of closed oil and water droplets arranged irEq. (6b)]. Because in the Gaussian approximatjiaB]
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4 4 4
<2w>-2d< H s(ki>> =Ggd k1) 8(ky+ky)Ged k) (ks —(2m' 3 5( Z ki) H Gad ki) (Ky-koks Ky
+k4)+G54k1)5(k1+k3)GSS(k2) +l21'l23l22' |24+|21'l24l22‘|23) (11b)

X 0(Ky+Kg)+GedKq) 8(kyt+Ky)
X Gsdkz) (ka+Ks), (8)

The multidimensional integrals in the definition kfcan
be calculated for the denominafdq. (10)] or reduced to a
one-dimensional integral for the numera{dq. (4b) with
Eqg. (11)] with the help of the Fourier-transform method. A
description of the calculation and rather lengthy explicit ex-
pressions for the results are given in the Appendix.

we find thatk, - (k,Xk3)=0 for nonvanishingI1's,(k;)),
thus from Eq(4b) we see that in the Gaussian approximation
K vanishes. Consider now the perturbation expansiorkfor
in the coupling constants &};,; about the Gaussian solution.
We truncate the expansion at the first order term. Consis-
tently, the numerator in Eq3b) is truncated at the first order

The Gompper-Schick model
In this extensively studied model the free-energy func-

term and the denominator at the zeroth order term.
The denominator in definitiofBb), i.e., the function

(s(ry)-s(rp)s(ra)-s(ry))
3 dk, dk, dks dk,
_J (Zﬂ)dJ (Zﬂ)dJ (Zﬂ)df (2m)°

4 4
XeX[{_Ei ki'ri)<(|21'l22l23'|24)1;[ SII(ki)> (9)

has in Gaussian approximatipsee Eq(8)] the explicit form
(S(r1)-s(ra)s(rz)-s(ry))

:J dkl G s(k )e—ikl(rl—rz)
(277_)3 S 1

><J —ddk3 Ged kg)e kallara)
(277) S 3

dk; ., dk, .
+| e [ e
Gsdky) Gg(ks) dk, B
X(kl'kz)z Ski Sk—g We II(l(rl r4)

ss(kl) Gs(ka)
ks

(10

|k2(r2 ra) 2

where the distances between the pointsr,, rs, andr,
should be close t@. We assume thafr,—r,|=|r3—r,
=ak and thatr,;— —(ry—ry)=a; andri—r,=—(r,
—rz)=a,, |a|=|a]=a. For k=v2 the points form a
square. In our calculation we just choase 1. The numeri-
cal values forK would be slightly different for different
regularization.

In perturbation expansiofi5] the first order contribution
to G, consists of two terms which read

r3:

4 4
—(2m)8 a_: 5(2 ki)]_i[ Gys(ki) (11a

tional depends only on one order parameter, namely, the oil-
water concentration differenag(r) and has a forn5,11]

BFLO1= | drl(86)+as(V o)+ (1-210) 47
+(fo—2)p*+ ¢+ g29%(V $)°1.
We assume, as in Rdfl1] thatg,=4+/1+fy—gy+0.01.
We assume that for this model the vector field describing

orientational ordering of amphiphiles is given by

S(r)=V¢(r).

(12

(13

In Fourier representation we ha?i@<)=ik5(k). Recall that
previously the scalar field was introduced bs(k)
=iks;(k), therefore in this case

si(K)=Kgp(Kk).

For the normalization factor and for the numerator in Eq.
(3b) we thus obtain, respectively, the expressions

(Vp(r1)-Ve(ra)Ve(rz) - V(ry))

dk,dk,dksdk,
W—GX _Zi ki'ri

(14)

4
X<(k1'k2k3'k4)H ¢(ki)> (15
and
1  dk,dk,dk 4
<s4Ks>=5f ~am3 ke (kaxky) |2<H ¢<ki>>.
(16)

We proceed in the same way as in the previously considered
model. We calculat& to a first order term in perturbation
expansion about the Gaussian solution and regularize the
corresponding integrals with the help of the real-space cut-
off. The real-space cutofi is identified with the character-
istic (moleculaj lengthl of Ref.[11], assumed to be equal to
[11], thusa=1.

There are two contributions td1; ¢(k;)) in the first or-
der in perturbation expansiqi5], namely,
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4 4 0.2
—(277)%(2 kilay IT f(k), (179
' ' 00|
and
4 4 -0.2
(277)%(2 ki)4g2 > kik IT f(kp). (@7b X
i i<j i 0.4 |
In the abovea}, is given by 06
L=41(f 2)+6!f dk f(k)=4!(f 2)+45f
al,=41(f,— = | =3 =41(fg— =, - : - '
4 0 2 (27) 0 277( ) %8 % 1.95 2.00 2.05
18 T

where the first term is a contribution coming from the term  FIG. 3. Average Gaussian curvature fpr=16 at fixed surfac-
proportional to¢* in Eq. (12) and the second term comes fant volume fractionps=0.4. 7 is a dimensionless temperature de-
from the term proportional W)e_ The correlation length is fined below Eq(6¢). A length unit is a size of surfactant molecule

[11] ¢= 2(2m+ go) 12 (a bare thickness of the monolayer
Again, as in the previously considered model, we use the .
Fourier-transform method. The explicit expression Kois  example, for surfaceB, G, andP R,~0.2, 0.25, and 0.3,
given in the Appendix. From its form it follows immediately respectively. In case of diffuse interfaBe=0.267 for theD
thatK is always negative for a uniform phase in this model.structure[9]. For other cubic structureR was not calculated
in the case of thick films. The above results show that the
V. RESULTS structure of microemulsions changes gradually, and for dif-
_ ferent temperatures and surfactant volume fractions, is simi-
The numerical values of the parametérare calculated |ar to the structure of different periodic minimal surfaces
for y=16 andy=>50. The lines at whiclk changes sign are with low genus.
shown as the dashed-dotted lines at the phase diagrams, atA microemulsion contrary to systems which can be rep-
which also the Lifshitz and the disorder lines are includedresented by periodic minimal surfaces is a disordered phase.
(Figs. 1 and 2 The linesk =0 start at the Lifshitz point, like The surface averaged Gaussian curvat(ge=2mye/|A| is
the Lifshitz and the disorder lines. Near the transition to thea topologicalinvariant per surface area. Therefore, compari-
liquid-crystal phases< in microemulsions is thus always son betweerR,=|Ky| Y2\ in disordered and in ordered
negative. For surfactant densitip§<p';i0.1, wherepl cor-  phases is justified.
responds to the Lifshitz point, the lin€=0 lies in the vi- For positive K the lines\ and 1/\/m are _completely
cinity of the bifurcation line. For higher densities the region different. The common property is the fact titdecreases
of negativekK grows, and aps~0.5 theK=0 line crosses when the system becomes less ordeRahanges from in-
the Lifshitz line. Thus for strong surfactanty=16 or y  finity down to molecular distances when the disorder line is
=50) the region of the negative Gaussian curvature iszpproached. We also calculatiédin the region of structure-
smaller than the region in which oil and water domains arqess fluid, i.e., in the region of monotonically decaying cor-

correlated §=\/(2m)] for ps<0.5, whereas fops>0.5the  relation functions, in which surfactant density is very low.
situation is reversed. By increasing the temperature in this

model we cause a transition frokr<0 to K>0. The bicon-
tinuous structure is thus destroyed in this model by thermal 09}
fluctuations, as expected for real systems.

The examples of numerical values f&r are shown in
Figs. 3 and 4 fory=16 and fory=>50, respectively. In the 05 |
first case we ploK for the constant surfactant densipy
=0.4, in the second case for the constant temperature X
=2.7. In both cases we cross the line of vanishihgWe 01}
also plot 1/|K| and X\ in Figs. 5 and 6 fory=16 andy_

07t

=50, respectively. We approximately obtain the raRo o

=|K|¥)\~0.25-0.5 fory=16, p;=0.4 in the tempera- 037

ture range7~1.96—-2.0, andR~0.33-0.5 for y=50, 7 .05 . . .

=2.7 for surfactant concentratiopg~0.3—0.6. 0.00 0.20 0.40 0.60 0.80
The results foR~R,v2 show that in the region of nega- Ps

tive K, not too close to the lin&K =0 nor to the bifurcation FIG. 4. Average Gaussian curvature fpr: 50 at fixed tempera-

line, the structure of microemulsions has features resemblingire r=2.7. p, is a surfactant volume fraction and a length unit is a
the corresponding features of simple minimal surfaces. Fosize of surfactant molecul@ bare thickness of the monolayer
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15.0 g T T 8.0 -
(a) (a)
6.0 .
10.0 |
2] N . . )
T w40} . .
X x . ’
5.0 | . .
p 2'0 | .' .
0.0 — . L 0.0 . . .
1.90 1.95 2.00 2.05 0.00 0.20 0.40 0.60 0.80
T Py
8.74 . . . 14.0
(b) (b)
12.0 |
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10.0 |
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8.68 |
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FIG. 5. (@) |K| Y2 for y=16 at fixed surfactant density, FIG. 6. (a) |K| Y2 for y=50 at fixed temperature=2.7. p is

=0.4. 7 is a dimensionless temperature defined below (Bq); a a surfactant volume fraction; a length unit is a size of surfactant
length unit is a size of surfactant moleciike bare thickness of the molecule(a bare thickness of the monolayetb) N for y=50 at
monolayey. (b) \ for y=16 at fixed surfactant densips=0.4. 7 is fixed temperaturer=2.7. ps is a surfactant volume fraction; a
a dimensionless temperature defined below(EQ; a length unitis  length unit is a size of surfactant molecykebare thickness of the

a size of surfactant molecula bare thickness of the monolayer =~ monolayey.

sion that the relation betweem calculated for the central
We obtain forK | positive values larger than one. It indicates gyrface of the film and\ is similar to the corresponding
that surfactant molecules are correlated in such a way thabation for the minimal surfaceB, D, or G.
preferred orientations and positions of four molecules at dis-

tances~a from one another is such that they form vectors VI. SUMMARY
normal to a sphere with a radius comparable to the size of . . . . .
molecules. We calculated in microemulsions, in the LG approxima-
tion, a structure paramet&r, which can be considered as an
The Gompper-Schick model
The results folK are shown in Fig. 7 fofy=—0.4 as a 010 }
function of go. By comparingK with the results of MC
simulations[11] for 27 xg/|A|, we find K~K./2, as for 020 b

interfaces of large width in ordered pha$é% Since in mi-
croemulsions the interfaces have large width in this model

[7a], we can conclude that the diffuse nature of the internal 0801

interfaces leads to lower values léfcompared td,,, with

the ratio~2, both in ordered structures and in microemul- -0.40 ¢

sions. Also, since the model considered in R6t.is differ-

ent, it is plausible that this property is not limited to a par- 0.50 . : -

ticular model. -3.0 -2.0 -1.0 0.0 1.0

In Fig. 8\ and 1A/|K] are compared. The lines are almost %

parallel, and\ V|K[~2—3, as in the previously described  FIG. 7. Average Gaussian curvature in the GS modelffor
model. The same arguments as before lead us to the concle-0.4.
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6.0 : . : dius of curvature for a collection of surfaces modeling the
(@ film whose thickness is comparable Xo We thus calculate
50 | ] quantitatively, to first order in perturbation expansion, the
ratio R, find R~0.25-0.5 andestimatethe ratioR,,. We
4.0 ] find for R, in microemulsion values close &, in different
g periodic minimal surfaces with low genus for different tem-
¥ - peratures and surfactant volume fractions. Thus the structure
of microemulsions is quite sensitive to the physical condi-
tions, and resembledifferentordered periodic structures.
2oy Quantitative results foR,, in microemulsions would de-
pend on the choice of the “central” surface, which is not
0.5 20 a0 0.0 10 unique, especially for interfaces of large width. The param-
do eter R does not depend on the choice of the surface repre-
senting the film. At the same time it allows fgualitative
10.0 ' ; ' comparison between the structure of microemulsions and
(b) structures represented by different surfaces, including peri-
9.0 | 1 odic minimal surfaces. One can also calculate the structure
parameters considered in this paper for different ordered
8.0 | ] structures with interfaces of large widtR in microemul-
< sions is close tdR=0.267 in theD structure with thick in-
70| ] terfaces[9] only in some part of the stability region of mi-
croemulsions. For different structures with thick filRshas
60 | ] not been calculated.
For K>0 the structure is more complicated. The ratio
50 between the typical lengths and |K| 2 depends strongly

3.0 20 1.0 0.0 10 on ps and . R decreases on approaching the disorder line,

% either by dilution or by heating the system.
FIG. 8. (3 |K7|_1/2 in the GS model forf,=0.4. (b) \ in GS _The definition(3b) shows that.the _structure.of a.system
_ with molecules self-assembled into internal films is deter-
model forfy=0.4. . . . . S
mined by their correlation functions. Unlike in the case of

extension of the average Gaussian curvature. A definition f0§|mple fluids, the four-p'omt corrglatlon functlor)s are as Im-
—. . . . . portant, as the two-point functions for description of the
K is based on four-point correlation functions for oriented L . R
o . ! structure in this case. The oil- or water-domain size is related

amphiphiles. For Landau-Ginzburg models the final result th i0d of oscillations of the t int functi Th
can be expressed in terms of single integrals. We should no € perio ]? .?SC'da lon Od N _wo-polm (ijc |(;]ns._ € f
that the results are obtained within LG approximations, and@"nectivityot oil and water domains, related to the sign o
thus the exact value df may be somewhat different, espe- K 1S determined by the way four molecules at distances com-
cially close to the bifurcation line. parable to their sizes are correlatedror K>0 surfactant

In the case of the GS model the results obtained withidmolecules are correlated in such a way that preferred orien-
the method introduced in Reff9] agree with the results of tations and positions of four molecules at distanee@sfrom
simulations; bottK found here an&,, found in MC simu-  one another is such that they form vectors normal to a sphere
lations[11] are negative. Also, their ratio is 1/2 indicating  (or an elypsoigl For K< 0, four molecules at distances close
diffuse nature of interfaces in microemulsions, in agreemento a from one another are correlated in such a way that their
with MC simulations[7al. _ preferred positions and orientations fit a saddle. Moreover,

In the case of the three order-parameter m¢di8], K is  the four-point correlation function determines another impor-
negative only in the neighborhood of the liquid-crystal tant length|K| Y2 related to an average radius of curvature
phases, i.e., in the part of the stability region of microemul-of the internal film. We propose consideration of a dimen-
sions. We find the line oK=0 in the phase space{, 7). sionless ratio between the two lengthsand |K| "2 as a

Beyond this line, temperatures are too high and/or surfactanionyenient parameter which allows for comparison between
volume fractions are too low or too high and the bicontinu-icroemulsions and different ordered structures.

ous structure cannot be formed in this model.
Within the region ofK <0, not too close to its boundary,
the structure of microemulsions has properties resembling ACKNOWLEDGMENTS
properties of simple minimal surfaces. We draw this conclu-
sion by comparing the two important typical lengths for this | would like to thank Professor J. Stecki. Professor R
system, the period of damped oscillationsnd the average Holyst, Dr. W. Gadz, and Dr. A. Maciolek for interesting .

radius of curvature ¥|K| of the “central” surface of the  gjiscussions. This work was partially supported by KBN
film. Actually we calculate IY|K| which is an average ra- Grant Nos. 2P30302007 and 2P03B01810.



APPENDIX
1. The vector model

Let us first consider the denominator in definiti¢8b),
given by Eq.(10). The integrals in Eg(10) can be calculated
with the help of the inverse Fourier transform of the function

sk
p(k)= S(),

(A1)

and the final result reads

(s*y=G2(a)+2(p3(a)a’+3p3(a)+ 2p1(a)Pa(a)a),

(A2)
where the function®; are defined by
~ 1d_ -~ ~
Pn+1=7 gy Pn(r)  and po=p, (A3)
with p(r) being an inverse Fourier transform pfk),
b'(r)=f —ddk e p(k) (A4)
(2m) '

The numerator in definitioi3b) is given by(s*Kg)=K?
+ KA, with

4

a,J* [ dkydk,dks
Ké=— o f 2m)® |k3'(k1><k2)|21_i[ f(ki),
(A5a)
KA=K+ K2, (A5b)
A, [ dkydk,dKs
’f=2—Tf o ks (kixka) [Pk kag (ko)
4
xIT p(k (A5C)
1#3
A, [ dk,dk,dk
9274 (12—)2cl_3|k3 (K1 X K2)|?(Ky-K2) (Ky-Kg)
4
><fi[ p(ki), (A5d)

wherek,= — (k;+ks+k3), p(k) is defined in Eq(Al) and
we introduced a notation

o Gk _ .
(K==—73x T K*+BKk+a,’ (A63)
g(k)=Gsd k) =f(k)(ap+Kk>?). (A6b)

In the expressiongA5) the correlation functions are for-
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tions f, g, andp are replaced by the Fourier transforms of
the corresponding real-space functions, multiplied dfy
—a), however. Again, as in the case of denominator, the
method of Fourier transform leads to one-dimensional inte-
grals, with lower cutoffa=1 in this case, of the form:

127a,J*

T

Ka_

f dr rZR(r)F2(r) (F4(r) +1%F(r))
(A7a)

B 47A,

A
K1

dr r*p(r)Pa(r) (59, (r)pa(r)

+r2§z(r)5z(f)+2F2§1(f)53(r)). (A7b)

and

8mA,

KA

2 dr rp(r)Pa(r)(LIp5(r)+10r%p

Po(r)pa(r)

+2r'p §<r>+r452<r>54(r>). (AT0)
where the functiong(r) andg(r) are inverse Fourier trans-
forms of the functiond (k) andg(k), respectively, and the
functionsf, andg, are defined in the same way ps [see
Eqg. (A3)].

2. The Gompper-Schick model

The final expression for the denominator in E8b) [Eq.
(15)], obtained with the help of the Fourier-transform
method reads

(s =F(a)2+2[f,(a)2a2+3f2(a) + 2 () f,(a)al,
(A8)

whereafﬂn are defined in the same way as in £43) 'f(r) is
an inverse Fourier transform of the structure factor

1 1
=2 gk r 121, (A%3)
and WhereIA:'(r) is an inverse Fourier transform of
F(k)=f(k)k>. (A9b)

The numerator in Eq(3b) for this model is calculated in
the same way as before. Using Ed.7) we find (s*Ky)
=K+ K, where the first contribution is of the form

K1=—127-ra2f dr rZ8(rn)f2(r) (F1(r) + 12 5(r))
(A10a)

and the second one is of the form

mally calculated at one point. As in the case of the denomi-
nator, however, the correlations have to be calculated for
distances comparable to the size of particles. We proceed in
the following way. The two-point functions obtained in the
model are in real space multiplied by a unit step function
6(r—a), i.e., only distances larger than the size of particlesOne can see immediately thit is always negative in this
(lattice constantare considered. Then in Eq#5) the func-  model.

— 967y, J:Jdr r47(r)?2(r)(5?1(r)f2(r)

2,0 Fo(r) +2r 254 (r) T a(r)). (A10b)
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